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ABSTRACT. We consider discrete one-dimensional random Schrodinger operators with decaying matrix- valued, inde- 
pendent potentials. We show that if the ^ 2 -norm of this potential has finite expectation value with respect to the product 
measure then almost surely the Schrodinger operator has an interval of purely absolutely continuous (ac) spectrum. We 
apply this result to Schrodinger operators on a strip. This work provides a new proof and generalizes a result obtained by 
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1. Model and Statement of Results 



In this paper we are interested in the absolutely continuous (ac) spectrum of quasi one-dimensional random 
Schrodinger operators with decaying potentials. To this end, it is convenient to formulate the problem in terms of 
matrix-valued potentials on the one-dimensional lattice, Z. 

Let us first introduce some standard notation that is used throughout this paper. If H is an operator on some Hilbert 
space 9{ , then we denote by p(H) ,a(H) ,o ac (H) ,o ess (H) its resolvent set, spectrum, ac spectrum, respectively its 
essential spectrum. By \\H\\ we denote the operator norm of H. 

For some m G N, let Sym(m) denote the set of real symmetric mxm matrices. Let D £ Sym(m) be some fixed 
C\| matrix and let q = (q n )nei be a family of independent Sym(m)-valued random variables. We assume here that (i) the 
mean of each random variable q n is zero and (ii) there is a compact set K C Sym(m) so that the support of each q n 
is contained in K. By v„ we denote the probability measure of q n . The probability measure for q is then the product 
measure v = ® n eiSn- We use the notation E to denote the expectation value with respect to this product measure, V. 
On the Hilbert space £ 2 (Z;C") (of C m -valued functions on Z equipped with the usual Euclidean norm) we con- 
| sider the operator 

U\ (1) H:=A + D + q, 

which is defined as 

(2) (#9)(«) :=-(p(n-l)-(p{n + l)+D<p(n) + q n <f>(n), cp <G l 2 (Z;C m ) , n G Z. 

To state the first result of this paper we introduce the following set which depends on the (eigenvalues of the) constant 
"potential" D, 

(3) I D := H $-2,k + 2]. 

Xea(D) 

Theorem 1. Let E[£ neZ ||^n|| 2 ] < °°- Then almost surely o ac {H) D Id and the spectrum of H is purely absolutely 
continuous in the interior of Id. 
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Theorem Q] will be used to prove the second result of this paper. 
Theorem 2. Let E[£„ eZ \\q n \\ 2 ] < °°- Then almost surely o ac (H) D c(A + D). 

Remarks: The case of a random potential with m = 1 has been analyzed in great detail by Delyon, Simon, and 
Souillard [8]. For m = 1 they not only prove Theorem Q] (even under weaker conditions on the measures v„) but also 
that the rate of decay of q n is necessary in order to have absolutely continuous spectrum. A deterministic version of 
a result in the direction of Theorem [2] has been announced by Molchanov and Vainberg [20] but, to the best of our 
knowledge, has not yet been published. Other previous work by Kirsch, Krishna, Obermeit and Sinha on decaying 
potentials can be found in ifTTl , Ifl4l and Ifl8ll . We would also like to mention also the work of Kotani and Simon |[T6l 
and Schulz-Baldes [22 ] on random Schrodinger operators on the strip. 

Example. The most important application of Theorem [2] is to Schrodinger operators on a strip. More generally, let 
C := {1,2,... ,L} d denote the discrete <i-dimensional cube with side length L. Then i 2 {c) = C m with m = L d and 

£ 2 (Z;£ 2 (C)) =£ 2 (Zxc). We introduce the multi-index n := (n u n 2 , . ■ . ,n d ) G Z d with \n\ := |m| + \n2\-\ \-\id\- 

Let D be the Dirichlet Laplacian on C, i.e., for all nGC, 

(D ¥ )(«):=- £ ¥ (m), yee 2 (c). 

m£C:\m—n\=l 

Note that A + D is equivalent to the (nearest neighbor) Dirichlet Laplace operator on £ 2 (Ij x c). The eigenvalues of 
D are indexed by n G C and are given by —2 £f =1 cos(7in,-/ (L + 1)). Observe that 

I D = {XeR : \X\ <2[l-dcos(jt/(L+l))]}. 

If d > 2 this set is empty unless L = 1. If d = 1, then Ip is non-empty but its length converges to as L tends to 
infinity. By Theorem o ac (H) D a(A + D) = [-2- 2dcos(%/(L + l)),2 + 2dcos(%/(L+ 1))]. By formally setting 
L to infinity the last interval becomes [— 2{d+ \),2{d+ 1)]. 

Remarks: On the full two-dimensional lattice Z 2 , Bourgain [3 ] proved a ac (A+^r) 5 <?(A) for Bernoulli and Gaussian 
distributed, independent random potentials whose variances decay faster than |«| -1 / 2 . In J4]], Bourgain improves this 
result to the weaker |n| -1 ^ 3 decay rate. For a deterministic potential, q, on 7L d , Simon ll23l conjectured that if 
(q n / + \n\ d ~ l )nez d e £ 2 (Z d ), then o ac (A + q) = a (A). In dimension one this was proved by Deift and Killip Q. 
A recent improvement of this result has been obtained by Denisov IfTTl . In the analogous continuous setting, progress 
has been made towards this L 2 -conjecture e.g. by Denisov [9] and Laptev, Naboko, and Safronov |fl9l . For additional 
references see O, Il24ll . 

2. Proofs of Theorem Q] and [2] 
In order to prove the two main theorems in this paper we will study the Green's functions defined by 

(4) G n :=P n (H-X)- l P n , fieZ, 
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Here, P n denotes the orthogonal projections of H = £ 2 (Z;C m ) onto the subspace £ 2 ({n};C m ) = C m , and X denotes 
the spectral parameter. Let P+ := Y,k>n^k an d P„ '■ = Hk<n^k be the orthogonal projections of H onto the subspaces 
£ 2 ({n, n+ 1 ,...}; C m ) and f ({..., n- 1 , n} ; C m ) , respectively. Let 

(5) G±:=P n {P±(H n -X)P±y l P n , «6Z 

be the so-called forward and backward Green's functions. Then we have the recursion relation 

(6) G n = -{G+ +l +G-_ l +X-D-q n )- { , neZ, 

which follows by using the decomposition H = RanP„ © RanP^ and a resolvent identity. 
If \mk > 0, it is elementary to see that for each n G Z 

(7) G„ , G± G §m m :={Z = X + iY :X,Y G Sym(m) , Y > 0} . 
Henceforth we will assume that Irak > 0. We equip the vector space SH m with the metric 

d(Z,W) := cosh" 1 (l + -cd(Z,W)) , Z,W G SM m , 

where we have introduced 

cd(Z,W) :=tr [(ImZ)" 1 (Z- W)*(ImlV)" 1 (Z- W)] . 

The space (SH m ,d) is called Siegel half space and is a generalization of the usual Poincare upper half plane. 
By symmetry it will suffice to study Gq. Using the decomposition RanP^ = RanPo © RanP^, we see that 

(8) G+=% (Gt), 
with the following mapping on SH„, 

4> S (Z) := -(Z + X-D-5)- 1 , 8 G Sym(m) ,Z G SH m . 

Iterating Eq. (HI) we arrive at 

(9) <# = *»°**i-"°**.(G+ +1 ), «eN . 

We will use the following theorem, which is a special case of a theorem obtained in [ 12]. 

Theorem 3. Let \vcik > and (A„)„ e N C SH m fte a«v sequence. Then 

G+ = lim^o.-.oO (A n ). 

We present a direct proof of this theorem in Appendix A, which in this case is simpler than the proof given in |[T2l 
for more general graphs. 

The next theorem measures the distance of Gq from the free forward Green's function, which is determined by 
the following fixed point relation in SH„, : 

(10) z x = <s> (z x ). 
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D-X I /D-X x2 



Solving for Z% yields 

(11) Z x = ^-: + iWl 

Note that for real X, we have \mZ\ > if and only if X is in the interior of Id- To formulate the next theorem we 
define 

(12) cd^(z):=cd(z x ,z), zem m . 

Theorem 4. Suppose E[£, lG ^ ||<7n|| 2 ] < °°- Let J be a closed subset of the interior of Id- Then 

(13) sup E[cdj[(G*)] <». 

Proof. By symmetry it suffices to consider without loss of generality Gq. We assume X G / + /(0, 1] is fixed. By 
Theorem|71 we know that Gq = lim„^ooZo„, where Zo,„ = <I> 90 o 4> ?I o • • • o <J>^ (Z%). Moreover, by Lemma|7]from 
Appendix B, we know that there exists a hyperbolic ball B C SH m such that Zq^ h G B for all « > 2 and potentials q 
with ^ G K. By continuity of the function Z i— ► cd^(Z), we have 

hmcd^(Zo,„)=cd^(G+). 

Since cd£(Z) is bounded on the ball B, it follows from dominated convergence that 

E[cd2(G+)] = limE[cd2(Z , n )]. 

It remains to show that the right-hand side is bounded uniformly in X G J + i(0, 1]. To this end we set Z^ n := 
<t> qr o & qt+1 o • • • o <J> 9n (Zx). Note that Z^„ = <J> 9f (Z^+i B ). Using the inequality of Lemma|5]below, we find 

E[c4(Zo, n )] + l 

(cd^(Z ,„) + l)</Vo(?o) • ■■dv n {qn) 
cd^jZ^ + l + 1)Jvo((?o) _^ ( ^ 



< 



cd^(Z M ) + 1 

/ (l+A(Zi i , 1 ,^o)+C ||^o|| 2 )'iVo(^o) / {c&\{Z\, n ) + \)dV\{q\)---dv n (q n ) 

JK JK" 

(l+C E[||^o|| 2 ]) f (cdl(Z Un ) + \)dv l (q 2 )---dv n (q n ) 

JK" 



< n(i+coE[ii^n 2 ]) 

(=0 

oo 

< exp(C () £E[||^|| 2 ]), 



(=0 

where we have used / A(z,q)d\i{q) = 0, which follows from the assumption that q\ is a random variable with mean 
zero. □ 



Lemma 5. Suppose K is a compact subset ofSM m . Let J be a closed interval contained in the interior of Id- Then 
there exists a constant Co and a linear functional A(Z , •) : Sym(m) — > R, depending continuously on Z £ SH m , such 
that for all Xg J + i(0, 1] and Z S EM m , 

(14) <^^l±l< l+A{z ,8) + Co\\8\\ 2 , VSetf. 

cd£(Z) + 1 

Proof. Using that <I>o is a hyperbolic contraction, we see cd^(<l>5(Z)) = cd(<J>g (Z),Z^) < cd(Z — 8,ZjJ = cd^(Z — 8). 
By the definition of the distance function we have 

cd(Z-8,Z x )=cd(Z,Z x )+a(Z,8)+b(Z,5), 

where (with Z^, = X x + iY x and Z = X + iY), 

A, 

-1/2,, 

Using the Cauchy-Schwarz inequality it follows that 

L. H. S.ofd< 1+A(Z,8)+C(Z,8), 

with 

A(Z;5): _2cd, ( Z M Z,o) 



a(Z,8) := -trfF-^V-^Z-Z,)^ 172 ] -tr^^Z-Z^F^SF- 172 ] 
b(Z,h) :=tr(F" 1/2 8y- 1 8F 3 T 1/2 ). 



C(Z,5) 



cd 2 (Z) + l 
2a(Z,8) 2 + 2cd x (Z)£(Z,8)+26(Z,8) 2 



cd 2 (Z) + l 

It remains to show that C(Z,8) < Co||8|| 2 for some Co- Let us use the bounds, 

(15) a(Z,8) 2 <4cd^Z)Z?(Z,S), 

(16) b(Z,5)<\\Y x l \\ 2 \\M 2 HYji /2 Y- l Yl /2 )- 

(fT5b follows from the Cauchy-Schwarz inequality. The trace in the function b can be written as tr(EFE) with E := 
Y x 172 87^ 172 and F := Y x 2 Y~ l Y x 2 . This trace is estimated from above by ||£ 2 ||trF. Then use 
\\E 2 \\ < ||F~ 1/2 || 2 \\Y^\\ ||8|| 2 . Since Y x is self-adjoint ||F~ 1/2 || 2 = ||y x -1 ||, and (IS follows. 
The next estimate allows us to bound the right-hand side of ([TBI in terms of cd^(Z). 

< tv(Yl /2 Y- l Yl /2 ) +tr(y 1 / 2 y-iyi/ 2 ) 

= tr [F- 1/2 (F - Y x )Y- l (Y - Y X )Y X 1/2 } +2m 

<ti[Y- 1/2 (Y-Y x )Y-\Y- Y X )Y- 1/2 ] + tr [Y X " 2 {X -X^ 1 (X -X X )Y~ 1/2 ] +2m 

(17) =cd^(Z) + 2m. 

The claim now follows by inserting the above estimates and using that ||FjJ| and \\Y X || are uniformly bounded for 

X G J + z (0, 1] and that 8 is contained in a bounded set. □ 
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Proof of Theorem \T\ 

Step 1: Almost surely a(H) D a(A + D). 



The condition E[£„ sZ ll<7«l| 2 ] implies that almost all potentials are in £ 2 and thus decay at infinity. H is thus a 
compact perturbation of A + D and hence a(A + D) = a ess (A + D) = a ess (//) C g(H) by Weyl's Theorem. 

Step 2: Let J be any closed interval contained in the interior of Id- Let W\ := — (2Z^ + X — D) 1 . Then 

sup E[cd 2 (G n ,W x )] <oo. 

X,eM-i(0,l] 

If we use the recursion relation (O, the fact that Z h-> —Z is a hyperbolic isometry, and the inequalities of 
Lemma [8] (given in the Appendix B) we find that 

cd(G m W x ) < cd(G+ +1 + (?"_! + q m 2Z x ) 

< cd(G+ +1 +q n /2,Z k ) +cd(G-_ 1 +q n /2,Z x ) 

< C [1 +cd(G+ +1 ,Z x ) +cA(G-_ v Z x )] (1 + \\q n \\ 2 ) . 

Then, 

E [cd 2 (G n ,W x )] < C(l +cd x (G+ +1 ) +cd^(G„- +1 )) , 
and Step 2 follows from Theorem @] 

Step 3: Almost surely H has purely ac spectrum in the interior of Id. 

For x G Z x { 1 , . . . , m} let denote the spectral measure of H for the indicator function at x, \ x G # = ^ 2 (Z x 
{l,...,m}). Step 2 implies that almost surely ^ is absolutely continuous on any closed subset of the interior of 
Id- This can be seen for example by applying Lemma 1 in |[T3l and noting that for any closed subset / contained 
in the interior of Id there exists a constant C such that (see Lemma [8]) tr(ImZ) < C(cdx(Z) + 1) for all X G J and 
Z G §EI m ; see also [15, Theorem 4.1]. Now choosing a sequence of closed subsets (J n ) n eN of the interior of Id, such 
that /„ C J n+ \ and \J^-\J n = Id, and using that countable unions of sets of measure zero have again measure zero, 
we find almost surely that for all x G Z x {1, ...,m} the spectral measure /u x is absolutely continuous on the interior 
of I D . 

The theorem now follows by combining Steps 1 and 3. □ 

To prove Theorem [2] we will use Theorem [T] in combination with Theorem [6] below. Theorem [6] is an extension of 
a theorem by Denisov [ 10, Theorem 1.2]. A proof can also be found in Albeverio and Konstantinov CD. We give a 
proof in Appendix C following arguments given in ElflOl. 
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Theorem 6 (Denisov). Let H\ and H2 be two bounded self-adjoint operators on the Hilbert spaces 9{\ and ^2, 
respectively. Assume that for a <b, [a,b] C G ac (//i) and Cess(Hi) Q (— °°,a] U [&,°°). Let V : ^2 — > M\ be a Hilbert- 

Schmidt operator (i.e., V V and VV are trace class operators on H2 respectively and let Hy := ^ 

Then, [a,b] C a ac (Hy). 

Proof of Theorem |2] Let {^1 ,...,/u m } be the eigenvalues of D and let X G R. Then the eigenvalues of are given 
by Zxic = (f*k — ^)/2 + — {(jJik — X)/!) 2 . If X G — + 2] then lies on the unit semicircle above the real 
axis. Otherwise t\k lies on the real axis outside the unit circle (see diagram) 



Since Z% is related to the Green's function for A +D, a point X lies in c(A +D) if and only if at least one of the z\ & 
lies on the semicircle, and thus has positive imaginary part. Let m(k) denote the number of z\k on the semicircle. As 
we vary X, the function m(k) is locally constant, with jumps when one of the z%k moves in or out of the semicircle. 
Pick a and let / be the largest interval containing on which m(k) is constant. Notice that a(A + D) is a finite 
disjoint union of such intervals. The collection of z\ k tn at remain in the semicircle for X 6 / corresponds to a subset 
of eigenvalues of D, and thus to a spectral projection Pj on C m . We identify the range ofP/ withC m ^. We use the 
same notation for the projection on H = £ 2 (Z; C m ) where Pj acts as a (constant) multiplication operator. Introducing 
Pj := 1 — Pj we have the decomposition 



Note that A/ := PiAPj is just the Laplace operator (0 on £ 2 (Z;C m ^). Furthermore, let Dj be the restriction of D 
onto C m ^ . By TheoremQ] P/(A + D + g)P/ = A/ + D/ + P/gP/ has almost surely ac spectrum on /, since I C Id,, see 
®. Since almost surely q is in £ 2 and thus decays at infinity the essential spectrum of Pj(A + D + q)Pi is contained 
in the complement of the interior of /. Since PiqPi is Hilbert-Schmidt almost surely, we can apply Theorem [6] and 
hence conclude that almost surely / C c ac (H + D + q). Repeating the above arguments for the remaining intervals 
of non-zero length in the decomposition of the spectrum of A + D yields the claim. □ 
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Let us start with the following lemma. 

Lemma 7. Suppose that ||5i ||, \\82W < C and Imk > 1/C. Then there exists a compact set B C SH m (depending 
on C) such that <£ 5] o <J> §2 (§H m ) C B. 




H = A + D + q 



P I (A + D + q)P 1 
PiqPi 



PiqPi 
P,(A + D + q)Pi 



Appendix A: Proof of Theorem [3] 
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Proof. Applying <I> 8 once yields an upper bound on the norm, which can be seen from the basic inequality 

\\(Z + X-D-5y l \\ < (ImA,) -1 , Ze§H m . 
Applying <J>§ a second time yields a lower bound on the imaginary part, which can be seen by the following estimate 

T 1 

lm\-(Z + X-D-5)- 1 } = (Z*+X*-D-5)- 1 lm(Z + X)(Z + X-D-5)- 1 > . n _„_ . 

\\Z + K — D — o|| z 

□ 

Proof of Theorem \3\ 

Step 1: Let B be a compact subset of SH m as in the previous Lemma [7] Then there exists a y < 1, such that for all 
Z,W £B, 

d(<5> s (Z),<5> & (W))<yd(Z,W). 



Using that the maps Z i— ► —Z and Z^Z — D — h are hyperbolic isometries on SH m , we find that 

d(<£ 8 (Z) , <I> 8 (W) ) = d(Z + 1, W + 1) . 
In order to estimate the last expression we use that 

[lm(W + X)]- 1 = [Im(W)]- 1 / 2 [lm(W)]^ 2 [lm(W + X)]- l [lm(W)}^ 2 [Im(W)]- 1/2 < ^y[lm(W)}- 1 

V v ' 

for some real number y < 1 since W is in a bounded set. If we apply this estimate also to Z we obtain that 

d($> 5 (Z),«l> 8 (W)) = d(Z + k,W + k) < jd(Z,W). 

Step 2: The sequence (<J> go o ■ ■ • o«J> 9ji (A n )) ne is} converges to a limit independent of the choice of (A„)„ g n . 

Suppose (A„)„ e pj is a different sequence. Then 
(18) d(<D, o...o<D, i (A„),<D, ;o o...o<i» % (A„))<y i - 2 C^O, (»-<»), 

with C := sup^ z ^) eB 2 d(Z, W). We conclude that if the limit exists it must be independent of the sequence (A„)„ e N . 
On the other hand the sequence (<i> qo o ••• o«J> 9)i (A n )) nG N is a Cauchy sequence, which can be seen by inserting 
A„ := % n+l o • • • o <J> 9ii+m (A„ +m ) for m e N into flg). 



The theorem now follows from Step 2 and Eq. (O. 
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Appendix B: Some inequalities 

Lemma 8. LetZi G SH OT ,i G {0, 1,2} and 8 G Sym(m). 77je?i 

(a) 0(1(270,2! +Z 2 ) < \ [cd(Zo,Zi) + cd(Z ,Z 2 )]. 

(b) cd(Zo,8 + Zi) < C(l + ||8|| 2 ) [cd(Zo,Zi) + l] for some constant C that depends on the (norm of the) imagi- 
nary part ofZo. 

(c) For X G Id (see definition (0)) there is a constant C (depending on X and m) so that tr (ImZo) < C (cd^(Zo) + 
!)• 



Proof, (a). Let us define 



with Yi := Im(Z) and U t = Y i 1 (Z -Zi)Y 1 . Then 





, B:= 


. U2 . 





yI I2 (y 1 + y 2 )-" 2 
y 2 1/2 (y 1 + y 2 )- 1 / 2 



cd(2Z ,Z 1 +Z 2 ) = -tr 



(U^Y^ 1 + U 2 Y±' 1 )(Y l +Y 2 y l (Yl /2 U l + F 2 /2 £/ 2 )J = ^tr[A*BB*A] . 

Since B*B = 1, BB* is a projection and hence BB* < 1. Therefore, ti[A*BB*A] < tr[A*A] = tr [UfUi] +tr[U^U 2 ] 
cd(Z ,Zi)+cd(Z ,Z 2 ). 



,1/2, 



(b). By expanding the product in the trace and using tr[A*B] < (tr|^l | 2 ) J / 2 (tr|,S| 2 ) 1 / 2 < ^tr|A| 2 + ^tr|B| 2 we obtain 
cd(Z ,8 + Z!) < 2cd(Z ,Z 1 ) + 2tr(F " 1/2 87f 1 87 " 1/2 ) 



<2cd(Zo,Z 1 ) + 2||F- 1/ V - 1/2 || 2 tr(y o 1/2 F-% 1/2 )- 



Now we use II Y, 



-l/2 6F -l/2, 







< l|8|| \\Y Q 1/2 || 2 and inequality CLU i-e., ^(Yq^Y^Yq 1/2 ) < cd(Z ,Zi) +2m, which, 



all put together, proves the claimed inequality. 



(c). We have cd x (Z ) >tr[Y x 1/2 {Y -Y x )Y i (Y -Y X )Y X 1/2 ] >tr[^ l/2 Y Y % 1/2 ] - 2m > Ctr(Y ) - 2m, where 
the constant C depends on X throught the estimate on Yr . Finally, we choose the constant C := 2m jC and the 



stated inequality follows. 



□ 



Appendix C: Proof of Theorem [6] 

To prove Theorem [6] we will use the following theorem by Albeverio, Makarov, and Motovilov (2J. For the con- 
venience of the reader we also present a proof that follows closely the one given in O but uses analytic perturbation 
theory to obtain the graph subspaces. 



Theorem 9 (Albeverio-Makarov-Motovilov). Let Hi, H 2 be two bounded self -adjoint operators on the Hilbert 
spaces 9i\ and tt 2 , respectively. Assume that o(H\ ) C (a, b) C p (H 2 ) and V : tt 2 — > 9i\ is a Hilbert-Schmidt operator. 
Let 



(19) 

Then O ac (H v ) = a ac (H Q ). 



o ■= 



" Hi 










V ' 




, W:= 









H 2 




v* 






H V :=H Q + W. 



Proof. Since finite rank perturbations F do not change the ac spectrum and such operators are norm-dense in the 
space of Hilbert-Schmidt operators we can replace V by V + F and achieve that its norm is small. Henceforth we 
assume that ||V|| is small. Let H := tt\ © Hi, and for i = 1,2 we denote by pi the orthogonal projection of H onto 

H h 

Step 1: For || V || sufficiently small, there exist orthogonal projections P\ and P2 such that P\ +P2 = 1, PiH = HPi, 
and piPiPi : H\ — > #j is bijective, for i € {1,2}. Furthermore, P,- — /?; is Hilbert-Schmidt and its norm can be made 
arbitrarily small if we choose ||V|| small enough. 

Let Ti [T2] be a counter-clockwise contour in C around the spectrum of H\ [H{[ and contained in the resolvent 
set of H2 [Hi]. Then we define the spectral projections 

The first two properties follow from this representation. In order to verify the other statements we use a similar 
representation for the projections p, and the resolvent identity so that 

Pi-Pi = ^-.[ {z-H Q )- x W{z-H v )- x dz. 

Hence, Pi — pi is Hilbert-Schmidt. If ||V|| is small then \\ptPiPi — Pi\\ is small, too, and therefore p,PiPi can be 
inverted on H\. 

Step 2: For ||V|| sufficiently small, there exist operators Q\ : H\ — > #2 and Q2 : H2 — > M\ such that RanPi = 
{(x,Qix)\x £ Hi} and RanP 2 = {{Q2X,x)\x G H 2 }. Moreover Q 2 = -Q\ and Q u for i £ {1,2}, is Hilbert-Schmidt 
and its norm can be chosen arbitrarily small for ||V|| sufficiently small. 

Let i / j. First observe that the operator pjPj = Pj(Pt — pi) as well as its adjoint are Hilbert-Schmidt and can be 
made arbitrarily small by Step 1. Using the identity Pipi +P2P2 = 1 — P\P2 — PiP\ and noting that the r.h.s. can 
be made arbitrarily close to one, we see that H = RanPi/?i +RanP2/?2- This implies that Ran/ 5 , = RanPjp,-. Define 
Qi := PjPi(piPiPi)~ l - If we set x := Pi(Piz) for z € H, then pj(Piz) = QiX. Hence, the range of PiPi equals the graph 
of Qi. The statement Q2 = — Q\ follows by orthogonality. 

Step 3: For ||V|| sufficiently small Hy is unitary equivalent to 

' Hi + n 

H2 + T2 \ ' 

where 7} are trace class operators. 

Since by Step 2, Hy leaves the graphs of the operators Qi and Q2 invariant, there exist operators A,- G H such that 



(21) 



H v (l + Q) = (l + Q)A, 
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with 



Q-- 




0j 



02 





and A := 









A 2 



To construct these operators, let x G tt\. Then by Step 2, z '■= (x, Q\x) G RanPi. By Step 1, Hyz G RanPi, and again 
by Step 2, //yz = (y, <2iy) for some uniquely determined y E !H\. This defines the operator A \ : tt\ — > H\ by setting 
A\x := y. A similar construction gives the operator A 2 . As a result we obtain d2Tb . Expanding the product in (1211 we 
see more concretely that Ai = H\ + VQ\ and A2 = H 2 + V*<22- Since Q has purely imaginary spectrum the operator 
1 + Q is bijective. Using the polar decomposition \ + Q = U\l + Q\, with £/ unitary, we find 



(22) 



Note that 



U*H V U = \\ + Q\A\\ + Q 



-1 



|l + fil 



;i + G!Gi) 1/2 

(i+e^ 2 ) 1/2 



_1 / 2 — //1 is trace class. A 



Using < (1 + Q\Qi) 1 ' 2 - 1 < Q\Qi, the operator (1 + <2tGi) 1/2 (ffi+Vfii) (1 + Q\Qi] 
similar statement holds for the second diagonal operator on the right-hand side of 1 

Step 4: a ac (H) = a ac (H Q ). 



This follows from the result of Step 3 and the fact the trace class perturbations preserve ac spectrum. 



□ 



Our proof of Theorem [6] follows closely the one given by Denisov ifTOl . but uses almost analytic functional 
calculus (cf. 0) to control the function of an operator. 

Proof of Theorem [6] Fix £ > 0. We will show that [a + £,b — e] C G ac (//y). Since finite-rank perturbations 
do not change the ac and the essential spectrum and G e ss(#2) C (— °°,a] U [b,°°), we can assume w.l.o.g. that 
a(H 2 ) C (-oo,a + e/2]u[&-e/2,oo). 



Step 1: Define Hi := ■Hi%[ a +e,&-e]C ff i)- Tnen [a + e,b — e] C o ac (H v ), where H v :- 



Hi V 

V* H 2 



This follows directly from Theorem |9]by noting that o{H\ ) = [a + £, b — e] C p(#2)- 



Step 2: Let / 6 Cq ([a + e, b - e] ). Then f(H v ) - f(H v ) is trace class. 



To show Step 2 we use almost analytic functional calculus. Let / G C^(C) be an almost analytic extension of 
/, satisfying /| K = /, /(x + iy) = if x ^ supp/, and that for some constant C we have 3?/(z) < C|Imz| 3 for all 

z G C. [Of course, d 7 := ^(3^ + id y ) for z = x + iy G C and z := x — iy.] Setting R(A,z) := (z — A) -1 for a bounded 
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self-adjoint operator A we recall the Helffer-Sjostrand formula (see [6, (5)]) 

1 



(23) 

Setting W := 

f(Hy)-f(H V ) 



f{A) 






V ' 




' & 









and Hq := 




v* 








H 2 



-- / dxf(z)R{A,z)dxdy. 

71 . 



, and applying the resolvent identity twice, we find 



- / d- z f(z) R(Ho,z)-R(H ,z) 

71 



dxdy 



d-J(z) R(H ,z)WR(Ho,z)-R(H ,z)WR(H ,z) 



dxdy 



d 7 f(z) R(H ,z)WR(H ,z)WR(H,z) -R(H ,z)WR(H ,z)WR(H,z) 



dxdy. 



The first term on the right-hand side equals f(Ho) — f(Ho) and thus vanishes. The third term on the right-hand side is 
a trace class operator. The second term also vanishes, as we now show. It is a combination of terms of the following 
form, 

[ dJ(z)R(H l ,z)VR(H 2 ,z)dxdy = -- [ dJ(z)R(H u z)V f —dP Hl (t)dxdy 
TlJc 71 Jc Ja(H 2 ) Z-t 



a(H 2 ) f( - Hl) Hi-t 



VdP H2 (t). 



In the first line we have applied the Spectral Theorem for R(H2,z) with the spectral projections Ph 2 of H2. In the last 
equality we have used that f{z){z — t) is an almost analytic extension of f(x)(x — t)~ l since d^(z — = for 
z 7^ t, and the Helffer-Sjostrand formula d23l . By inspection, the right-hand side of the last displayed formula does 
not change if we replace H\ by H\ . 

Step 3: [a + e,b-e] £ a ac (7/y). 

By the statement of Step 2 and the Kato-Rosenblum Theorem [21, Theorem XI.8] we know that o ac (f(Hv)) = 
Oac(f{Hv)) for all / G Cq ([a + e,b - e]). By the Spectral Theorem we conclude that a ac (H v ) n [a + e,b - e] = 
o ac (Hv)r\[a + £,b — e] = [a + e,b — e], where the second equality follows from the result of Step 1. □ 
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